
I.2 Homology of adjunction space

Assume (X,A) is a collared pair with a collaring B and given f : A → Y ,
obtain X ∪f Y which is denoted by Z in this section.

�������� 1 Let p : X
∐

Y → Z be a quotient map and f := p|X : (X,A)→ (Z, Y )
be its restriction. Then f

∗
: Hq(X,A)→ Hq(Z, Y ) is an isomorphism ∀q.�	�
����

Hq(X,A)
i∗ //

f
∗

²²

Hq(X,B)

f
∗

²²

Hq(X − A,B − A)oo

f
∗

²²

Hq(Z, Y )
j∗

// Hq(Z, Y ∪ f(B)) Hq(Z − Y, f(B − A))oo

������ ������������ map  ! "$#% & '(*)+ inclusion ,.- ��0/21 induce 34 5 map  ! "7698;:< �� => di-
agram 698 commute ?�@ACB � . D(FE% &HGI J �� f

∗ KL M NPOQSRUTV �� WYXZ\[ 8 ,.- ��^] ��_U` homeomor-
phism ,.- ��^] ��_U` induce ab _dc

isomorphism 698;:< �� ���e�� ����f����g�� map  ! "7698 '(*)+
isomorphism hPijlkm n o� 698qpsrtvuwyx{zY|Z 698~}� �S�9�� B � .
3 ���V ,.-e�Y� 2 ���V �� ��� KL M map  ! "$#% & excision theorem ,.- ���/21 isomorphism 698;�� , 1 ���V
,.-e�Y� 2 ���V �� ��� KL M map  ! "$#% & B ���w � diagram ,.-��Y� five lemma �m n Ws�� �� x ] � psrt isomor-
phism 698 B � .

Hq(A) //

∼=
deformation

retract ²²

Hq(X) //

=

²²

Hq(X,A)

²²

// Hq(A) //

∼=

²²

Hq(X)

=

²²

Hq(B) // Hq(X) // Hq(X,B) // Hq(B) // Hq(X)

� ���9� �Y� , f
∗ KL M isomorphism 698 B � .

�������� 2 (MV-sequence)
We have a long exact sequence

· · · // Hq(A) // Hq(X)
⊕

Hq(Y ) // Hq(Z)
∂ // Hq−1(A) // · · ·

α Â // (i∗α, f∗α)

(x, y) Â // j∗y − f
∗
x

z Â // ∂f
−1

∗
k∗z

This also holds for reduced homology.
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�	�
����
· · · // Hq(A) //

f∗
²²

Hq(X) //

f
∗

²²

Hq(X,A)

f
∗

∼=

²²

∂∗ // Hq−1(A) //

f∗
²²

Hq−1(X)

f
∗

²²

// · · ·

· · · // Hq(Y ) // Hq(Z)
k∗ // Hq(Z, Y ) // Hq−1(Y ) // Hq−1(Z) // · · ·

WYXZ\[ 8 1 ,.- ���] ��_U`������� &���� �� f
∗

���
isomorphism 698;�� B ���w � �� o���( WYXZ�[ 8 �m n Ws�� �� x ] �psrt¡ ¢¤£¥] � KL M ¦.§V¨© �m n«ªd¬ KL M B � .

®¯$°± �������� 3 (Barratt-Whitehead Lemma)
Given long exact sequences,

· · · // Ci+1
//

γi+1

²²

Ai

fi //

αi

²²

Bi

βi

²²

gi // Ci
hi //

γi∼=

²²

Ai−1

αi−1

²²

// · · ·

· · · // C ′i+1
// A′i

f ′
i // B′i

g′
i // C ′i

h′
i // A′i−1

// · · ·

If γi are all isomorphisms, then we have a long exact sequence,

· · · // Ai

φi // A′i
⊕

Bi

ψi // B′i
∂i // Ai−1

// · · ·

a Â // (α(a), f(a))

(a′, b) Â // β(b)− f ′(a′)

b′
Â // hγ−1g′(b′)

�	�
���� Diagram chasing.

Example 1. Let (X,A) be a collared pair and Y={*}, a point. Then X∪f Y =
X/A by definition.WYXZ\[ 8 1 ⇒ f

∗
: Hq(X,A)

∼=
→ Hq(Z, Y ) = Hq(X/A, ∗) = H̃q(X/A).WYXZ\[ 8 2 ⇒ · · · → H̃q(A)→ H̃q(X)→ H̃q(X/A)→ H̃q−1(A)→ · · · .

2. Wedge (or one point union) of (X, x) and (Y, y), where (X, x) and (Y, y)
are collared pairs.
X ∨ Y = X

∐
Y/x ∼ y.

A = {x}, f : {x} → {y} ⊂ Y
�� )+ psrt , WYXZ\[ 8 2 ,.- ��0/21 exact sequence,

· · · // H̃q(x) // H̃q(X)
⊕

H̃q(Y ) // H̃q(X ∨ Y ) // · · ·
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�m n«ªd¬ �� H̃q(x) = 0 698²:< �� H̃q(X ∨ Y ) ∼= H̃q(X)
⊕

H̃q(Y )
698 B � .

3. (X,A) = (Dn, Sn−1) is a collared pair.

Dn

B, a collaring

Sn−1

Then Z = Dn ∪f Y is a space obtained from Y by attaching an n-cell by
f : Sn−1 → Y . For example, Sn+1 = Dn∪f {point}, T

2 = D2∪f {figure eight},
and P

n = Dn ∪f P
n−1.

Z �� homology �m n ³´ /21 o�^µ � . MV-sequence
��·¶¸�¹sº

· · · → H̃q(S
n−1)→ H̃q(Y )→ H̃q(Z)→ H̃q−1(S

n−1)→ · · ·

�m n¡ªd¬ KL M B � . � ���9� �Y� , q 6= n, n− 1 �� ¦¼»Z¾½+ ,.- KL M H̃q(Z) ∼= H̃q(Y ) hPijlkm n NPO¿vÀ+ hPiÁ B � .Â( ?�@A ,
0→ H̃n(Y )→ H̃n(Z)→ H̃n−1(S

n−1)
f∗
→ H̃n−1(Y )→ H̃n−1(Z)→ 0

,.-e�Y� H̃n−1(S
n−1) ∼= Z KL M free abelian group 698;:< �� , H̃n(Z) = H̃n(Y )

⊕
kerf∗,

H̃n−1(Z) = H̃n−1(Y )/imf∗ hPijÃkm n NPO¿vÀ+ hPiÁ B � .
Examples.

T 2=

b

a

b

a
, Y=

a

b

f∗ : H̃1(S
1) → H̃1(Y ) KL M H̃1(S

1) ∼= Z �� generator c �m n a + b − a − b = 0 Ä<�� o�ÆÅÈÇ :< �� zero map 698 B � . � ���9� �Y� , H2(T
2) = H2(Y )

⊕
Z = Z, H1(T

2) =
H1(Y )/0 = Z

⊕
Z
698 B � .
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K=

b

a

b

a
, Y=

a

b

f∗(c) = a + b + a − b = 2a 698;:< �� H2(K) = H2(Y )
⊕

kerf∗ = 0, H1(K) =
H1(Y )/imf∗ = Z

⊕
Z/2 698 B � .

É ��Ê9ËÌ ���PÍ 8 ����ÏÎsÐÑ Ä< �� P
2 = D2∪f S

1 �� ¦¼»Z¾½+ ,.- KL M f∗(c) = 2a 698²:< �� , H2(P
2) = 0,

H1(P
2) = Z/2 hPijlkm n NPO¿ÒÀ+ hPiÁ B � .

ÓÔ Õ~Ö.× 6. Compute the followings.
(1) H∗(Σg)
(2) H∗(Nk)
(3) H∗(D

2 ∪f S
1), where f : ∂D2 = S1 → S1 is given by f(z) = z3

(4) H∗(P
n)
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